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Abstract: The story of positive geometry of massless scalar theories was pioneered in [1]
in the context of bi-adjoint φ3 theories. Further study proposed that the positive geometry
for a generic massless scalar theory with polynomial interaction is a class of polytopes called
accordiohedra [2]. Tree-level planar scattering amplitudes of the theory can be obtained from
a weighted sum of the canonical forms of the accordiohedra. In this paper, using results of
the recent work [3], we show that in theories with polynomial interactions all the weights can
be determined from the factorization property of the accordiohedron. We also extend the
projective recursion relations introduced in [4, 5] to these theories. We then give a detailed
analysis of how the recursion relations in φp theories and theories with polynomial interaction
correspond to projective triangulations of accordiohedra.
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1 Introduction
In recent years, tremendous progress has been made in relating scattering amplitudes to
interesting mathematical and geometric structures. However, one of the issues with this
progress was that the relevant geometry lived in an auxiliary space as opposed to the kinematic
space where the S-matrix lives. This was overcome in [1] where the tree-level amplitudes of
the bi-adjoint φ3 theory [6] were related to canonical forms of a positive geometry called
the kinematic space associahedron 1. The program was extended to the case of planar tree-
level amplitudes of the φ4 theory in [8]. There it was shown that the relevant geometry in
kinematic space for the quartic theory was the Stokes polytope [9,10]. The positive geometry
of φp theories (p > 4) and theories with polynomial interactions (such as φ3 +φ4) was studied
in [11] and [2] respectively. In these works, the positive geometry associated to a general
class of scalar theories was understood to be the accordiohedron and the explicit convex
embedding of a few lower dimensional polytopes in the kinematic space was given. A canonical
convex embedding of these accordiohedra in the kinematic space was provided in [12]. For an
algorithmic procedure to obtain such embeddings see [13].
1For a recent review on related developments see [7].
2
Unlike in the cubic theory, in theories with φp or polynomial interactions, the geometry
related to each amplitude is not a single accordiohedron, but a collection of them. The
weighted sum of the canonical forms of these polytopes gives the complete amplitude. It is an
important problem whether we need additional data of the quantum field theory to determine
amplitudes from the geometry. In this paper, we will show that as in φp theories [3], all
weights can be determined from the factorization property of the positive geometry even in
theories with polynomial interaction. This means that, for general scalar theory, it is possible
to obtain the scattering amplitude purely from the positive geometry.
Using geometric properties of the associahedron and the corresponding canonical forms,
recursion relations for these forms (and thereby for scattering amplitudes in φ3 theory) were
obtained in [1]. A purely field theoretic derivation of these relations was obtained in [14]
by introducing a one complex variable rescaling of all the basis planar kinematic variables
Xij → z Xij, and constructing a meromorphic function in the complex plane without a residue
at z = 0 or z = ∞. Furthermore [14] provided solutions to these recursion relations for the
general case. Each term in the recursion corresponds to the canonical function of one of the
simplices obtained by the full triangulation of the associahedron, reminiscent of the BCFW
representation of N = 4 sYM amplitudes. This was recently studied for φp theories in [3].
In [4] new recursion relations for the cubic theory were introduced by projecting the as-
sociahedron onto one of its facets which then divides the associahedron into prisms. This
corresponds to what is called the projective triangulation of the associahedron and it has the
interesting feature that it divides the original geometry into positive geometries that can have
curvy facets. The recursion relations corresponding to such triangulations were derived from
field theory in [5] for tree and one-loop amplitudes of the bi-adjoint φ3 theory. In this paper,
we extend the study of projective triangulations to generic scalar field theories. We make use
of the canonical convex embedding of accordiohedra in kinematic space to show that the recur-
sion relations of [5,14] hold for such theories. We then relate the representation of amplitudes
via. such recursion relations to projective triangulations of the relevant accordiohedron.
The paper is organized as follows. In Section 2 we review some aspects of the accordiohe-
dron relevant for the rest of the paper. In Section 3 we compute weights of accordiohedra that
contribute to the planar amplitude of various scalar theories. In Section 4 following [5] we give
a proof of the recursion relations that we work with. In Section 5 we make use of the canonical
convex embedding of accordiohedra in kinematic space and the recursion relations to compute
the amplitudes in a few explicit examples. In Section 6 we give the geometric interpretation
of our results from recursion in terms of projective triangulations of accordiohedra. We end
with a conclusion in Section 7 and an example in Appendix A.
2 Review of the accordiohedron
In this section, we briefly review the accordiohedron which was proposed as the positive
geometry for scalar field theories with φp interactions in [11] and polynomial interactions
in [2]. We will closely follow the discussion in [2, 11].
3
2.1 D-accordiohedron and the canonical form
Here we define a D-accordiohedron which was proposed as the positive geometry for scalar field
theories with polynomial interactions in [2]. First, we consider two n-point convex polygons:
a polygon P and another one P ′ whose vertices i′ are the mid-points of the edge connecting
the vertices i and i+ 1 of P .
1
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Figure 1: Two polygons: P and P ′.
We denote a dissection of P as D. We define a cut C((i′j′), D) of the diagonal (i′, j′) of
P ′ as a set of the lines (i, i+ 1), (j, j + 1) of P and the diagonals of the D which intersect the
diagonal (i′, j′). If the cut C((i′j′), D) is connected, we say that the diagonal (i′, j′) of P ′ is
“compatible” with the dissection D of P .
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Figure 2: Dissection {(1, 3), (1, 5)} on the left and the cut by (2′, 5′) on the right.
A dissection of P ′ consisting of diagonals compatible with the dissection D is called “D-
accordion dissection”. Then the D-accordiohedron AC(D) is defined as a polytope whose
vertices are the D-accordion dissections.
If we restrict the dissection D to all possible p-angulations, the D-accordiohedron cor-
responds to the accordiohedron. The notion of compatibility defined above corresponds to
the Q-compatibility of the p-angulations. Then the D-accordiohedron defined above can be
interpreted as the generalization of the accordiohedron.
Since the D-accordiohedron is a simple polytope, the canonical form is a sum over its
vertices. We denote each vertex as Z and the diagonal (i, j) of P as Xij. We also label the
facets which adjacent with the vertex Z as Xia,ja = 0. The canonical form is given by [1,15,16]:
Ω(AC(D)) =
∑
vertex Z
sign(Z)
∧
a∈Z
d logXia,ja . (2.1)
The sign(Z) is fixed by requiring projectivity of the form.
2.2 Planar scattering form and amplitudes
Planar kinematic variables Xi,j are defined as
Xi,j = (pi + pi+1 + · · ·+ pj)2 = si,i+1,...,j−1 for 1 ≤ i < j ≤ n (2.2)
The on-shell condition p2i = 0 is translated into Xi,i+1 = X1,n = 0. The Mandelstam variables
are expressed in terms of the planar variables as :
sij = Xi,j+1 +Xi+1,j −Xi,j −Xi+1,j+1. (2.3)
We can associate to each planar graph g with propagators Xi1,j1 , . . . , Xin,jn a form:
sign(g)
n∧
a=1
d logXia,ja . (2.4)
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There is a one-to-one correspondence between the dissection of the n-point polygon with diago-
nals (i1, j1), (i2, j2), . . . , (ik, jk) and the planar graphs g with propagatorsXi1,j1 , Xi2,j2 , . . . , Xik,jk .
We choose a reference dissection D and consider a set of dissections compatible with this
reference dissection. Equivalently, these dissections make a D-accordiohedron. Using the cor-
respondence between dissections and graphs, we can obtain a set of graphs from the set of
dissections. We define a dissection D-dependent planar scattering form ΩDd as
ΩDd =
∑
g(D)
sign(g(D))
d∧
a=1
d logXia,ja , (2.5)
where sign(g(D)) = ±1, d is the dimension of the D-accordiohedron and we sum over all planar
graphs which are related to all the vertices of the D-accordiohedron. The sign is determined
by projectivity which is ensured by the following rule :
sign(g(D)) = −sign(g′(D)) (2.6)
where the corresponding dissections of g and g′ are adjacent vertices of the D-accordiohedron.
When we embed the accordiohedron in the kinematic space, its canonical form is the
pullback of the planar scattering form onto the accordiohedron. In [8, 11], the authors used
specific embeddings of accordiohedra in kinematic space associahedra by imposing certain
additional constraints. In this paper, we use the canonical convex realization of accordiohedra
in kinematic space following [12,13].
To obtain the scattering amplitude, we need to consider a set of reference dissections
{D1, . . . , Dk} called primitive dissections for which:
• no two dissections of this set are related to each other by cyclic permutations
• all the other dissections are obtained by a cyclic permutations of dissection of this subset.
Then the scattering amplitude is given as
Mn =
∑
perm σ
∑
primitive D
αDnm
σ,D
n . (2.7)
where αDn are the weights and m
σ,D
n is the ratio part of the scattering form:
mσ,Dn =
∑
g(D)
d∏
a=1
1
Xia,ja
. (2.8)
The canonical forms of the accordiohedra obtained from the reference dissection of an n-point
polygon into a3 triangles, a4 squares, and so on, give graphs which have a3 3-point vertices,
a4 4-point vertices, and so on. To get the full amplitude, we need to consider all possible
dissections.
Let us now consider an example: the amplitude for the n = 5 case in a theory with φ3 +φ4
interaction. We choose the reference dissection {1, 3} of the pentagon. The compatible diss-
section is {2, 5} and the accordiohedron is a line segment. We can embed this accordiohedron
in kinematic space using the following constraint from the convex realization:
X13 = −X25 + 13. (2.9)
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Then its canonical form is given as
Ω(AC5(13)) = dX13
(
1
X13
+
1
X25
)
= dX13M(13). (2.10)
Similarly we can obtain other canonical forms by cyclic permutations. The weighted sum of
these forms is
M˜5 = α(13)5
(M(13) +M(24) + · · ·+M(52)) . (2.11)
The weight is determined by demanding that the residue in each channel is one. In this case
the weight is uniquely fixed as α
(13)
5 =
1
2
and M˜5 corresponds to the 5-point amplitude. The
important point is that this condition relied on the form of scattering amplitudes. In the next
section, we will see that the weights can be determined purely from the geometry.
3 Weights for the mixed vertices
In this section, we determine the weights for various mixed vertices cases from the accordio-
hedron.
3.1 Weights and the factorization
Here we briefly review the determination of weights from factorization following [3]. For
details of this factorization property see [2]. First we consider a reference dissection P which
contains a diagonal (ij). From this dissection, we can obtain the accordiohedron ACPn . The
facet Xij = 0 of this accordiohedron is given by a product of lower dimensional accordiohedra
ACPn |Xij=0 = ACP1m ×ACP2n+2−m, (3.1)
where P1 is the dissection of the polygon {i, i + 1, . . . , j} and P2 is the dissection of {j, j +
1, . . . , n, 1, . . . , i}. These dissection satisfy P1 ∪ P2 ∪ (ij) = P . This factorization implies
physical factorization of amplitudes as
Mn|Xij=0 = ML
1
Xij
MR. (3.2)
From the factorization property, the weights are constrained as∑
P∈(ij)
αP =
∑
PL,PR
αPLαPR (3.3)
The left hand side involves sum over all accordiohedra ACPn for which P ∈ (ij) and the right
hand side involves sum over PL and PR which range over all the dissection of the two polygons
{i, i+ 1, . . . , j} and {j, j + 1, . . . , n, 1, . . . , i} respectively.
We can further constrain the weights by repeating this procedure. By choosing the diagonal
(kl) ∈ {i, i+1, . . . , j}, the polygon {i, i+1, . . . , j} is divided into two polygons {k, k+1, . . . , l}
and {l, l + 1, . . . , i, j, . . . , k}. We then obtain the following
Mi,i+1,...,j|Xkl=0 = ML2
1
Xkl
MR2 . (3.4)
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where ML2 and MR2 are sub-amplitudes {ML2 ,MR2} = {M|l−k+1|,Mi+j+1−|l−k+1|}. From (3.2)
and (3.4), we obtain that
Mn|Xij=0,Xkl=0 = ML2
1
Xkl
MR2
1
Xij
MR. (3.5)
Then the weights satisfy ∑
P∈(ij),(kl)
αP =
∑
PL2 ,PR2 ,PR
αPL2αPR2αPR . (3.6)
The left hand side involves sum over all accordiohedra ACPn for which P ∈ (ij), (kl) and
the right hand side involves sum over PL2 , PR2 and PR which range over all the dissections
of the three polygons {k, k + 1, . . . , l}, {l, l + 1, . . . , i, j, . . . , k} and {j, j + 1, . . . , n, 1, . . . , i}
respectively. Continuing this procedure, we obtain
Mn|Xi1j1 ,Xi2j2 ,...,Xik,jk=0 = MLk
1
Xikjk
MRk
1
Xik−1jk−1
MRk−1 · · ·MR2
1
Xi1j1
MR1 , (3.7)
and ∑
P∈(i1j1),(i2j2),...,(ikjk)
αP =
∑
PLk ,PRk ,...PR1
αPLkαPRk · · ·αPR1 . (3.8)
When the diagonals (i1j1), (i2j2), . . . , (ikjk) make the complete dissection, this constraint takes
the form : ∑
P∈(i1j1),(i2j2),...,(ikjk)
αP = 1 (3.9)
Since the complete dissection (i1j1), (i2j2), . . . , (ikjk) is just the vertex of the accordiohedron,
this constraint means that the residue in each channel
∏
a
1
Xia,ja
is one. This corresponds to the
condition on weights derived from the relation between the weighted sum and the scattering
amplitude in [8, 11] . However, here we derive this condition from the factorization property
of the accordiohedron. For Stokes polytopes the weights have been derived using generalized
BCFW recursion relations in [17].
3.2 Explicit calculations
φ3 + φ4
Here we determine the weights for φ3 + φ4 case explicitly. The first nontrivial case is n = 5.
There is only way to divide the pentagon {1, 2, . . . , 5} into one square and one triangle. Both
of these have trivial weights, i.e.
2α5 = 1
α5 =
1
2
.
(3.10)
Next, we consider the n = 6 case. There are four primitive accordiohedra, one square and
three pentagons AC16, . . . ,AC46 as in Figure 3.
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Figure 3: Four accordiohedra for n = 6.
First we choose the diagonals {15}. Then the equation (3.8) gives a constraint on the
weights as
3α1 + 3α2 + 2α3 + 4α4 =
5
2
. (3.11)
Similarly we can obtain the constraints from other diagonals. For example, we choose the
diagonals {(13), (14)}, {(13), (46)} and {(13), (15)}. The constraints are then given by :
2α1 + 2α2 + 0α3 + α4 = 1 (3.12)
0α1 + 0α2 + 2α3 + 2α4 = 1 (3.13)
α1 + α2 + α3 + 2α4 = 1, (3.14)
where α1, . . . , α4 are the weights for each accordiohedron respectively. From these constraints,
we can obtain the weights
α1 =
1
2
− a, α2 = a, α3 = 1
2
, α4 = 0. (3.15)
This matches the result in [2]. If we choose other diagonals, the result does not change.
Next, we consider the n = 7 case. There are 13 topologically inequivalent Feynman
diagrams Figure 4 and as many primitive accordiohedra. The reference dissections are :
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<latexit sha1_base64="sJLXIiexeQjUIY8x4F6LhwyKfR c=">AAACZnichVHLSsNAFD2Nr1ofrYoouCkWRTflpgiKq6Ibl621tlCLJHGsoWkSkrRQiz8guLULVwoi4me48Qdc+AeKSwU3 LrxNA6Ki3mFmzpy5586ZGdU2dNcjeghJPb19/QPhwcjQ8MhoNDY2vu1adUcTec0yLKeoKq4wdFPkPd0zRNF2hFJTDVFQq+ud /UJDOK5umVte0xblmlIx9X1dUzymcgupxd1YgpLkR/wnkAOQQBAZK3aFHezBgoY6ahAw4TE2oMDlVoIMgs1cGS3mHEa6vy9 whAhr65wlOENhtspjhVelgDV53anp+mqNTzG4O6yMY47u6Zpe6I5u6Inef63V8mt0vDR5VrtaYe9Gj6dzb/+qajx7OPhU/en Zwz5WfK86e7d9pnMLratvHLZfcqubc615uqBn9n9OD3TLNzAbr9plVmyeIcIfIH9/7p9gO5WUKSlnlxLpteArwpjBLBb4vZe RxgYyyPO5FZzgFO3QozQqTUpT3VQpFGgm8CWk+AdXn4oX</latexit><latexit sha1_base64="sJLXIiexeQjUIY8x4F6LhwyKfR c=">AAACZnichVHLSsNAFD2Nr1ofrYoouCkWRTflpgiKq6Ibl621tlCLJHGsoWkSkrRQiz8guLULVwoi4me48Qdc+AeKSwU3 LrxNA6Ki3mFmzpy5586ZGdU2dNcjeghJPb19/QPhwcjQ8MhoNDY2vu1adUcTec0yLKeoKq4wdFPkPd0zRNF2hFJTDVFQq+ud /UJDOK5umVte0xblmlIx9X1dUzymcgupxd1YgpLkR/wnkAOQQBAZK3aFHezBgoY6ahAw4TE2oMDlVoIMgs1cGS3mHEa6vy9 whAhr65wlOENhtspjhVelgDV53anp+mqNTzG4O6yMY47u6Zpe6I5u6Inef63V8mt0vDR5VrtaYe9Gj6dzb/+qajx7OPhU/en Zwz5WfK86e7d9pnMLratvHLZfcqubc615uqBn9n9OD3TLNzAbr9plVmyeIcIfIH9/7p9gO5WUKSlnlxLpteArwpjBLBb4vZe RxgYyyPO5FZzgFO3QozQqTUpT3VQpFGgm8CWk+AdXn4oX</latexit><latexit sha1_base64="sJLXIiexeQjUIY8x4F6LhwyKfR c=">AAACZnichVHLSsNAFD2Nr1ofrYoouCkWRTflpgiKq6Ibl621tlCLJHGsoWkSkrRQiz8guLULVwoi4me48Qdc+AeKSwU3 LrxNA6Ki3mFmzpy5586ZGdU2dNcjeghJPb19/QPhwcjQ8MhoNDY2vu1adUcTec0yLKeoKq4wdFPkPd0zRNF2hFJTDVFQq+ud /UJDOK5umVte0xblmlIx9X1dUzymcgupxd1YgpLkR/wnkAOQQBAZK3aFHezBgoY6ahAw4TE2oMDlVoIMgs1cGS3mHEa6vy9 whAhr65wlOENhtspjhVelgDV53anp+mqNTzG4O6yMY47u6Zpe6I5u6Inef63V8mt0vDR5VrtaYe9Gj6dzb/+qajx7OPhU/en Zwz5WfK86e7d9pnMLratvHLZfcqubc615uqBn9n9OD3TLNzAbr9plVmyeIcIfIH9/7p9gO5WUKSlnlxLpteArwpjBLBb4vZe RxgYyyPO5FZzgFO3QozQqTUpT3VQpFGgm8CWk+AdXn4oX</latexit><latexit sha1_base64="sJLXIiexeQjUIY8x4F6LhwyKfR c=">AAACZnichVHLSsNAFD2Nr1ofrYoouCkWRTflpgiKq6Ibl621tlCLJHGsoWkSkrRQiz8guLULVwoi4me48Qdc+AeKSwU3 LrxNA6Ki3mFmzpy5586ZGdU2dNcjeghJPb19/QPhwcjQ8MhoNDY2vu1adUcTec0yLKeoKq4wdFPkPd0zRNF2hFJTDVFQq+ud /UJDOK5umVte0xblmlIx9X1dUzymcgupxd1YgpLkR/wnkAOQQBAZK3aFHezBgoY6ahAw4TE2oMDlVoIMgs1cGS3mHEa6vy9 whAhr65wlOENhtspjhVelgDV53anp+mqNTzG4O6yMY47u6Zpe6I5u6Inef63V8mt0vDR5VrtaYe9Gj6dzb/+qajx7OPhU/en Zwz5WfK86e7d9pnMLratvHLZfcqubc615uqBn9n9OD3TLNzAbr9plVmyeIcIfIH9/7p9gO5WUKSlnlxLpteArwpjBLBb4vZe RxgYyyPO5FZzgFO3QozQqTUpT3VQpFGgm8CWk+AdXn4oX</latexit>
(3)
<latexit sha1_base64="ZXQ6yFVoKBJCxbFiirPso5+/M2I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbFRRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxOL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoptrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1mgihg=</latexit><latexit sha1_base64="ZXQ6yFVoKBJCxbFiirPso5+/M2I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbFRRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxOL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoptrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1mgihg=</latexit><latexit sha1_base64="ZXQ6yFVoKBJCxbFiirPso5+/M2I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbFRRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxOL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoptrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1mgihg=</latexit><latexit sha1_base64="ZXQ6yFVoKBJCxbFiirPso5+/M2I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbFRRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxOL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoptrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1mgihg=</latexit>
(4)
<latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit>
(5)
<latexit sha1_base64="wd1OzaaaB4Yit2Rk3QIIENdMwyY=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbURRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A12iiho=</latexit><latexit sha1_base64="wd1OzaaaB4Yit2Rk3QIIENdMwyY=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbURRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A12iiho=</latexit><latexit sha1_base64="wd1OzaaaB4Yit2Rk3QIIENdMwyY=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbURRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A12iiho=</latexit><latexit sha1_base64="wd1OzaaaB4Yit2Rk3QIIENdMwyY=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbURRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A12iiho=</latexit>
(6)
<latexit sha1_base64="MFpuPQKOJp+cc64lh2eU+qcEscw=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbERVXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1+jihs=</latexit><latexit sha1_base64="MFpuPQKOJp+cc64lh2eU+qcEscw=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbERVXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1+jihs=</latexit><latexit sha1_base64="MFpuPQKOJp+cc64lh2eU+qcEscw=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbERVXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1+jihs=</latexit><latexit sha1_base64="MFpuPQKOJp+cc64lh2eU+qcEscw=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbERVXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1+jihs=</latexit>
(7)
<latexit sha1_base64="wuH8xEaMhgCMQ76SAL+HaZDAxw4=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaWmpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HE yGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+szBbSqQoS0EkO4EcghTCWLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AWGkihw=</l atexit><latexit sha1_base64="wuH8xEaMhgCMQ76SAL+HaZDAxw4=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaWmpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HE yGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+szBbSqQoS0EkO4EcghTCWLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AWGkihw=</l atexit><latexit sha1_base64="wuH8xEaMhgCMQ76SAL+HaZDAxw4=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaWmpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HE yGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+szBbSqQoS0EkO4EcghTCWLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AWGkihw=</l atexit><latexit sha1_base64="wuH8xEaMhgCMQ76SAL+HaZDAxw4=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaWmpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HE yGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+szBbSqQoS0EkO4EcghTCWLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AWGkihw=</l atexit>
(8)
<latexit sha1_base64="Zh HRhLO7PVSgCkAr4OTtlrPZHy8=">AAACZnichVG7SgNBFD1Z 31GTqIiCTTBEYhPuiqBYiTaWiTEqqITddRKX7IvdTSAGf0Cw 1cJKQUT8DBt/wMI/UCwVbCy82SyIBvUOM3PmzD13zsyojqF7 PtFjROrq7unt6x+IDg4Nx+KJkdFNz665mihqtmG726riCUO3 RNHXfUNsO65QTNUQW2p1tbW/VReup9vWht9wxJ6pVCy9rGuK z1QhszhbSqQoS0EkO4EcghTCyNmJa+xiHzY01GBCwILP2IA Cj9sOZBAc5vbQZM5lpAf7AkeIsrbGWYIzFGarPFZ4tROyFq9 bNb1ArfEpBneXlUmk6YFu6JXu6Zae6ePXWs2gRstLg2e1rRV OKX48WXj/V2Xy7OPgS/WnZx9lLAZedfbuBEzrFlpbXz88ey0 sraebM3RJL+z/gh7pjm9g1d+0q7xYP0eUP0D++dydYHMuK1N Wzs+nllfCr+jHFKaR4fdewDLWkEORz63gBKc4izxJMWlcmmi nSpFQM4ZvISU/AWOlih0=</latexit><latexit sha1_base64="Zh HRhLO7PVSgCkAr4OTtlrPZHy8=">AAACZnichVG7SgNBFD1Z 31GTqIiCTTBEYhPuiqBYiTaWiTEqqITddRKX7IvdTSAGf0Cw 1cJKQUT8DBt/wMI/UCwVbCy82SyIBvUOM3PmzD13zsyojqF7 PtFjROrq7unt6x+IDg4Nx+KJkdFNz665mihqtmG726riCUO3 RNHXfUNsO65QTNUQW2p1tbW/VReup9vWht9wxJ6pVCy9rGuK z1QhszhbSqQoS0EkO4EcghTCyNmJa+xiHzY01GBCwILP2IA Cj9sOZBAc5vbQZM5lpAf7AkeIsrbGWYIzFGarPFZ4tROyFq9 bNb1ArfEpBneXlUmk6YFu6JXu6Zae6ePXWs2gRstLg2e1rRV OKX48WXj/V2Xy7OPgS/WnZx9lLAZedfbuBEzrFlpbXz88ey0 sraebM3RJL+z/gh7pjm9g1d+0q7xYP0eUP0D++dydYHMuK1N Wzs+nllfCr+jHFKaR4fdewDLWkEORz63gBKc4izxJMWlcmmi nSpFQM4ZvISU/AWOlih0=</latexit><latexit sha1_base64="Zh HRhLO7PVSgCkAr4OTtlrPZHy8=">AAACZnichVG7SgNBFD1Z 31GTqIiCTTBEYhPuiqBYiTaWiTEqqITddRKX7IvdTSAGf0Cw 1cJKQUT8DBt/wMI/UCwVbCy82SyIBvUOM3PmzD13zsyojqF7 PtFjROrq7unt6x+IDg4Nx+KJkdFNz665mihqtmG726riCUO3 RNHXfUNsO65QTNUQW2p1tbW/VReup9vWht9wxJ6pVCy9rGuK z1QhszhbSqQoS0EkO4EcghTCyNmJa+xiHzY01GBCwILP2IA Cj9sOZBAc5vbQZM5lpAf7AkeIsrbGWYIzFGarPFZ4tROyFq9 bNb1ArfEpBneXlUmk6YFu6JXu6Zae6ePXWs2gRstLg2e1rRV OKX48WXj/V2Xy7OPgS/WnZx9lLAZedfbuBEzrFlpbXz88ey0 sraebM3RJL+z/gh7pjm9g1d+0q7xYP0eUP0D++dydYHMuK1N Wzs+nllfCr+jHFKaR4fdewDLWkEORz63gBKc4izxJMWlcmmi nSpFQM4ZvISU/AWOlih0=</latexit><latexit sha1_base64="Zh HRhLO7PVSgCkAr4OTtlrPZHy8=">AAACZnichVG7SgNBFD1Z 31GTqIiCTTBEYhPuiqBYiTaWiTEqqITddRKX7IvdTSAGf0Cw 1cJKQUT8DBt/wMI/UCwVbCy82SyIBvUOM3PmzD13zsyojqF7 PtFjROrq7unt6x+IDg4Nx+KJkdFNz665mihqtmG726riCUO3 RNHXfUNsO65QTNUQW2p1tbW/VReup9vWht9wxJ6pVCy9rGuK z1QhszhbSqQoS0EkO4EcghTCyNmJa+xiHzY01GBCwILP2IA Cj9sOZBAc5vbQZM5lpAf7AkeIsrbGWYIzFGarPFZ4tROyFq9 bNb1ArfEpBneXlUmk6YFu6JXu6Zae6ePXWs2gRstLg2e1rRV OKX48WXj/V2Xy7OPgS/WnZx9lLAZedfbuBEzrFlpbXz88ey0 sraebM3RJL+z/gh7pjm9g1d+0q7xYP0eUP0D++dydYHMuK1N Wzs+nllfCr+jHFKaR4fdewDLWkEORz63gBKc4izxJMWlcmmi nSpFQM4ZvISU/AWOlih0=</latexit>
(9)
<latexit sha1_base64="jrnlmn8pO32OJrlGlnW9rh8cik I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbEXysRDcu+7APqEWSONZgmoQkLWjxBwS3unClICJ+hht/wEX/QHFZwY0L b9OAqKh3mJkzZ+65c2ZGtQ3d9YiaIamru6e3r38gPDg0PDIaGRvPu1bN0UROswzLKaqKKwzdFDlP9wxRtB2hVFVDFNSDjfZ+ oS4cV7fMLe/QFuWqUjH1PV1TPKayiZX5nUiMkuRH9CeQAxBDECkrcoNt7MKChhqqEDDhMTagwOVWggyCzVwZDeYcRrq/L3C MMGtrnCU4Q2H2gMcKr0oBa/K6XdP11RqfYnB3WBlFnB7pllr0QHf0TO+/1mr4NdpeDnlWO1ph74yeTGff/lVVefaw/6n607O HPSz7XnX2bvtM+xZaR18/Om9lVzPxxhxd0Qv7v6Qm3fMNzPqrdp0WmQuE+QPk78/9E+QXkjIl5fRibG09+Ip+zGAWCX7vJax hEynk+NwKTnGG89CTNCJNSlOdVCkUaCbwJaToB2Wmih4=</latexit><latexit sha1_base64="jrnlmn8pO32OJrlGlnW9rh8cik I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbEXysRDcu+7APqEWSONZgmoQkLWjxBwS3unClICJ+hht/wEX/QHFZwY0L b9OAqKh3mJkzZ+65c2ZGtQ3d9YiaIamru6e3r38gPDg0PDIaGRvPu1bN0UROswzLKaqKKwzdFDlP9wxRtB2hVFVDFNSDjfZ+ oS4cV7fMLe/QFuWqUjH1PV1TPKayiZX5nUiMkuRH9CeQAxBDECkrcoNt7MKChhqqEDDhMTagwOVWggyCzVwZDeYcRrq/L3C MMGtrnCU4Q2H2gMcKr0oBa/K6XdP11RqfYnB3WBlFnB7pllr0QHf0TO+/1mr4NdpeDnlWO1ph74yeTGff/lVVefaw/6n607O HPSz7XnX2bvtM+xZaR18/Om9lVzPxxhxd0Qv7v6Qm3fMNzPqrdp0WmQuE+QPk78/9E+QXkjIl5fRibG09+Ip+zGAWCX7vJax hEynk+NwKTnGG89CTNCJNSlOdVCkUaCbwJaToB2Wmih4=</latexit><latexit sha1_base64="jrnlmn8pO32OJrlGlnW9rh8cik I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbEXysRDcu+7APqEWSONZgmoQkLWjxBwS3unClICJ+hht/wEX/QHFZwY0L b9OAqKh3mJkzZ+65c2ZGtQ3d9YiaIamru6e3r38gPDg0PDIaGRvPu1bN0UROswzLKaqKKwzdFDlP9wxRtB2hVFVDFNSDjfZ+ oS4cV7fMLe/QFuWqUjH1PV1TPKayiZX5nUiMkuRH9CeQAxBDECkrcoNt7MKChhqqEDDhMTagwOVWggyCzVwZDeYcRrq/L3C MMGtrnCU4Q2H2gMcKr0oBa/K6XdP11RqfYnB3WBlFnB7pllr0QHf0TO+/1mr4NdpeDnlWO1ph74yeTGff/lVVefaw/6n607O HPSz7XnX2bvtM+xZaR18/Om9lVzPxxhxd0Qv7v6Qm3fMNzPqrdp0WmQuE+QPk78/9E+QXkjIl5fRibG09+Ip+zGAWCX7vJax hEynk+NwKTnGG89CTNCJNSlOdVCkUaCbwJaToB2Wmih4=</latexit><latexit sha1_base64="jrnlmn8pO32OJrlGlnW9rh8cik I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbEXysRDcu+7APqEWSONZgmoQkLWjxBwS3unClICJ+hht/wEX/QHFZwY0L b9OAqKh3mJkzZ+65c2ZGtQ3d9YiaIamru6e3r38gPDg0PDIaGRvPu1bN0UROswzLKaqKKwzdFDlP9wxRtB2hVFVDFNSDjfZ+ oS4cV7fMLe/QFuWqUjH1PV1TPKayiZX5nUiMkuRH9CeQAxBDECkrcoNt7MKChhqqEDDhMTagwOVWggyCzVwZDeYcRrq/L3C MMGtrnCU4Q2H2gMcKr0oBa/K6XdP11RqfYnB3WBlFnB7pllr0QHf0TO+/1mr4NdpeDnlWO1ph74yeTGff/lVVefaw/6n607O HPSz7XnX2bvtM+xZaR18/Om9lVzPxxhxd0Qv7v6Qm3fMNzPqrdp0WmQuE+QPk78/9E+QXkjIl5fRibG09+Ip+zGAWCX7vJax hEynk+NwKTnGG89CTNCJNSlOdVCkUaCbwJaToB2Wmih4=</latexit>
(10)
<latexit sha1_base64="UVmgM494cpIGhes/M/WfgeDm/eI=">AAACZ3ichVHLSsNAFD2N7/poVRDBjVoqdVNuRFBcFd24 VGtVqEWSOOpgmoQkLWjxB1y4reBKQUT8DDf+gIt+QnFZwY0Lb9KAqKh3mJkzZ+65c2ZGd0zp+USNmNLR2dXd09sX7x8YHEokh0e2PLviGqJg2Kbt7uiaJ0xpiYIvfVPsOK7QyroptvXjlWB/uypcT9rWpn/iiFJZO7TkgTQ0P6AyKs3uJVOUpTAmfwI1AilE sWYn77CLfdgwUEEZAhZ8xiY0eNyKUEFwmCuhxpzLSIb7AmeIs7bCWYIzNGaPeTzkVTFiLV4HNb1QbfApJneXlZNI0zPdU4ue6IGa9P5rrVpYI/BywrPe1gpnL3E+nn/7V1Xm2cfRp+pPzz4OsBh6lezdCZngFkZbXz2tt/JLG+naDN3QC/u/pgY98g2s6qt xuy42rhDnD1C/P/dPsDWXVSmrrs+ncsvRV/RiAtPI8HsvIIdVrKHA5x7hAnVcxppKQhlTxtupSizSjOJLKFMf24uKUA==</latexit><latexit sha1_base64="UVmgM494cpIGhes/M/WfgeDm/eI=">AAACZ3ichVHLSsNAFD2N7/poVRDBjVoqdVNuRFBcFd24 VGtVqEWSOOpgmoQkLWjxB1y4reBKQUT8DDf+gIt+QnFZwY0Lb9KAqKh3mJkzZ+65c2ZGd0zp+USNmNLR2dXd09sX7x8YHEokh0e2PLviGqJg2Kbt7uiaJ0xpiYIvfVPsOK7QyroptvXjlWB/uypcT9rWpn/iiFJZO7TkgTQ0P6AyKs3uJVOUpTAmfwI1AilE sWYn77CLfdgwUEEZAhZ8xiY0eNyKUEFwmCuhxpzLSIb7AmeIs7bCWYIzNGaPeTzkVTFiLV4HNb1QbfApJneXlZNI0zPdU4ue6IGa9P5rrVpYI/BywrPe1gpnL3E+nn/7V1Xm2cfRp+pPzz4OsBh6lezdCZngFkZbXz2tt/JLG+naDN3QC/u/pgY98g2s6qt xuy42rhDnD1C/P/dPsDWXVSmrrs+ncsvRV/RiAtPI8HsvIIdVrKHA5x7hAnVcxppKQhlTxtupSizSjOJLKFMf24uKUA==</latexit><latexit sha1_base64="UVmgM494cpIGhes/M/WfgeDm/eI=">AAACZ3ichVHLSsNAFD2N7/poVRDBjVoqdVNuRFBcFd24 VGtVqEWSOOpgmoQkLWjxB1y4reBKQUT8DDf+gIt+QnFZwY0Lb9KAqKh3mJkzZ+65c2ZGd0zp+USNmNLR2dXd09sX7x8YHEokh0e2PLviGqJg2Kbt7uiaJ0xpiYIvfVPsOK7QyroptvXjlWB/uypcT9rWpn/iiFJZO7TkgTQ0P6AyKs3uJVOUpTAmfwI1AilE sWYn77CLfdgwUEEZAhZ8xiY0eNyKUEFwmCuhxpzLSIb7AmeIs7bCWYIzNGaPeTzkVTFiLV4HNb1QbfApJneXlZNI0zPdU4ue6IGa9P5rrVpYI/BywrPe1gpnL3E+nn/7V1Xm2cfRp+pPzz4OsBh6lezdCZngFkZbXz2tt/JLG+naDN3QC/u/pgY98g2s6qt xuy42rhDnD1C/P/dPsDWXVSmrrs+ncsvRV/RiAtPI8HsvIIdVrKHA5x7hAnVcxppKQhlTxtupSizSjOJLKFMf24uKUA==</latexit><latexit sha1_base64="UVmgM494cpIGhes/M/WfgeDm/eI=">AAACZ3ichVHLSsNAFD2N7/poVRDBjVoqdVNuRFBcFd24 VGtVqEWSOOpgmoQkLWjxB1y4reBKQUT8DDf+gIt+QnFZwY0Lb9KAqKh3mJkzZ+65c2ZGd0zp+USNmNLR2dXd09sX7x8YHEokh0e2PLviGqJg2Kbt7uiaJ0xpiYIvfVPsOK7QyroptvXjlWB/uypcT9rWpn/iiFJZO7TkgTQ0P6AyKs3uJVOUpTAmfwI1AilE sWYn77CLfdgwUEEZAhZ8xiY0eNyKUEFwmCuhxpzLSIb7AmeIs7bCWYIzNGaPeTzkVTFiLV4HNb1QbfApJneXlZNI0zPdU4ue6IGa9P5rrVpYI/BywrPe1gpnL3E+nn/7V1Xm2cfRp+pPzz4OsBh6lezdCZngFkZbXz2tt/JLG+naDN3QC/u/pgY98g2s6qt xuy42rhDnD1C/P/dPsDWXVSmrrs+ncsvRV/RiAtPI8HsvIIdVrKHA5x7hAnVcxppKQhlTxtupSizSjOJLKFMf24uKUA==</latexit>
(11)
<latexit sha1_base64="5AJFt7t3CQhZZep+eduaNcin60Q=">AAACZ3ichVHLSsNAFD2N7/poVRDBjVoqdVNuRFBcFd24 VGtVqEWSOOpgmoQkLWjxB1y4reBKQUT8DDf+gIt+QnFZwY0Lb9KAqKh3mJkzZ+65c2ZGd0zp+USNmNLR2dXd09sX7x8YHEokh0e2PLviGqJg2Kbt7uiaJ0xpiYIvfVPsOK7QyroptvXjlWB/uypcT9rWpn/iiFJZO7TkgTQ0P6Ayqjq7l0xRlsKY/AnUCKQQ xZqdvMMu9mHDQAVlCFjwGZvQ4HErQgXBYa6EGnMuIxnuC5whztoKZwnO0Jg95vGQV8WItXgd1PRCtcGnmNxdVk4iTc90Ty16ogdq0vuvtWphjcDLCc96WyucvcT5eP7tX1WZZx9Hn6o/Pfs4wGLoVbJ3J2SCWxhtffW03sovbaRrM3RDL+z/mhr0yDewqq/ G7brYuEKcP0D9/tw/wdZcVqWsuj6fyi1HX9GLCUwjw++9gBxWsYYCn3uEC9RxGWsqCWVMGW+nKrFIM4ovoUx9AN2MilE=</latexit><latexit sha1_base64="5AJFt7t3CQhZZep+eduaNcin60Q=">AAACZ3ichVHLSsNAFD2N7/poVRDBjVoqdVNuRFBcFd24 VGtVqEWSOOpgmoQkLWjxB1y4reBKQUT8DDf+gIt+QnFZwY0Lb9KAqKh3mJkzZ+65c2ZGd0zp+USNmNLR2dXd09sX7x8YHEokh0e2PLviGqJg2Kbt7uiaJ0xpiYIvfVPsOK7QyroptvXjlWB/uypcT9rWpn/iiFJZO7TkgTQ0P6Ayqjq7l0xRlsKY/AnUCKQQ xZqdvMMu9mHDQAVlCFjwGZvQ4HErQgXBYa6EGnMuIxnuC5whztoKZwnO0Jg95vGQV8WItXgd1PRCtcGnmNxdVk4iTc90Ty16ogdq0vuvtWphjcDLCc96WyucvcT5eP7tX1WZZx9Hn6o/Pfs4wGLoVbJ3J2SCWxhtffW03sovbaRrM3RDL+z/mhr0yDewqq/ G7brYuEKcP0D9/tw/wdZcVqWsuj6fyi1HX9GLCUwjw++9gBxWsYYCn3uEC9RxGWsqCWVMGW+nKrFIM4ovoUx9AN2MilE=</latexit><latexit sha1_base64="5AJFt7t3CQhZZep+eduaNcin60Q=">AAACZ3ichVHLSsNAFD2N7/poVRDBjVoqdVNuRFBcFd24 VGtVqEWSOOpgmoQkLWjxB1y4reBKQUT8DDf+gIt+QnFZwY0Lb9KAqKh3mJkzZ+65c2ZGd0zp+USNmNLR2dXd09sX7x8YHEokh0e2PLviGqJg2Kbt7uiaJ0xpiYIvfVPsOK7QyroptvXjlWB/uypcT9rWpn/iiFJZO7TkgTQ0P6Ayqjq7l0xRlsKY/AnUCKQQ xZqdvMMu9mHDQAVlCFjwGZvQ4HErQgXBYa6EGnMuIxnuC5whztoKZwnO0Jg95vGQV8WItXgd1PRCtcGnmNxdVk4iTc90Ty16ogdq0vuvtWphjcDLCc96WyucvcT5eP7tX1WZZx9Hn6o/Pfs4wGLoVbJ3J2SCWxhtffW03sovbaRrM3RDL+z/mhr0yDewqq/ G7brYuEKcP0D9/tw/wdZcVqWsuj6fyi1HX9GLCUwjw++9gBxWsYYCn3uEC9RxGWsqCWVMGW+nKrFIM4ovoUx9AN2MilE=</latexit><latexit sha1_base64="5AJFt7t3CQhZZep+eduaNcin60Q=">AAACZ3ichVHLSsNAFD2N7/poVRDBjVoqdVNuRFBcFd24 VGtVqEWSOOpgmoQkLWjxB1y4reBKQUT8DDf+gIt+QnFZwY0Lb9KAqKh3mJkzZ+65c2ZGd0zp+USNmNLR2dXd09sX7x8YHEokh0e2PLviGqJg2Kbt7uiaJ0xpiYIvfVPsOK7QyroptvXjlWB/uypcT9rWpn/iiFJZO7TkgTQ0P6Ayqjq7l0xRlsKY/AnUCKQQ xZqdvMMu9mHDQAVlCFjwGZvQ4HErQgXBYa6EGnMuIxnuC5whztoKZwnO0Jg95vGQV8WItXgd1PRCtcGnmNxdVk4iTc90Ty16ogdq0vuvtWphjcDLCc96WyucvcT5eP7tX1WZZx9Hn6o/Pfs4wGLoVbJ3J2SCWxhtffW03sovbaRrM3RDL+z/mhr0yDewqq/ G7brYuEKcP0D9/tw/wdZcVqWsuj6fyi1HX9GLCUwjw++9gBxWsYYCn3uEC9RxGWsqCWVMGW+nKrFIM4ovoUx9AN2MilE=</latexit>
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Figure 4: 13 topologically inequivalent Feynman diagrams.
1 : {14, 16, 46}, 2 : {14, 15, 16}, 3 : {14, 46, 47}, 4 : {14, 15, 57}, 5 : {14, 47, 57}, 6 : {13, 35, 57},
7 : {13, 47, 57}, 8 : {13, 14, 57}, 9 : {13, 14, 16}, 10 : {13, 15, 16}, 11 : {13, 16, 46}, 12 : {13, 14, 46},
13 : {13, 36, 46}. (3.16)
We determine the weights from factorization and obtain :
α1 + α2 + · · ·+ α5 = 1
2
, α7 + α8 =
1
2
, α6 = α9 = α10 = α11 = α12 = α13 = 0. (3.17)
φ3 + φ4 + φ5
Next, we consider the 8-point amplitude of φ3 + φ4 + φ5 theory. This amplitude is obtained
from two type of interactions: two φ4 vertices or a φ3, a φ4, and a φ5 vertex each. Here we
consider the latter. There are nine topologically inequivalent Feynman diagrams Figure 5 and
nine primitive accordiohedra Figure 6.
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<latexit sha1_base64="ZXQ6yFVoKBJCxbFiirPso5+/M2I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbFRRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxOL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoptrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1mgihg=</latexit><latexit sha1_base64="ZXQ6yFVoKBJCxbFiirPso5+/M2I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbFRRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxOL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoptrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1mgihg=</latexit><latexit sha1_base64="ZXQ6yFVoKBJCxbFiirPso5+/M2I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbFRRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxOL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoptrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1mgihg=</latexit><latexit sha1_base64="ZXQ6yFVoKBJCxbFiirPso5+/M2I=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbFRRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxOL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoptrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1mgihg=</latexit>
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<latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit>
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Figure 5: Nine topologically inequivalent Feynman diagrams.
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(4)
<latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit><latexit sha1_base64="JmGf8t0glsFPsk0AX9zoEvmwv3k=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+Mz9bSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AVuhihk=</latexit>
(5)
<latexit sha1_base64="wd1OzaaaB4Yit2Rk3QIIENdMwyY=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbURRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A12iiho=</latexit><latexit sha1_base64="wd1OzaaaB4Yit2Rk3QIIENdMwyY=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbURRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A12iiho=</latexit><latexit sha1_base64="wd1OzaaaB4Yit2Rk3QIIENdMwyY=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbURRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A12iiho=</latexit><latexit sha1_base64="wd1OzaaaB4Yit2Rk3QIIENdMwyY=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbURRXohuX fdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaFt2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYgh iJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzhGmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dnDHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1 Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3MtawiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A12iiho=</latexit>
(6)
<latexit sha1_base64="MFpuPQKOJp+cc64lh2eU+qcEsc w=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbERVXohuXfdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaF t2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/ UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYghiJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzh GmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dn DHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3Mta wiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1+jihs=</latexit><latexit sha1_base64="MFpuPQKOJp+cc64lh2eU+qcEsc w=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbERVXohuXfdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaF t2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/ UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYghiJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzh GmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dn DHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3Mta wiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1+jihs=</latexit><latexit sha1_base64="MFpuPQKOJp+cc64lh2eU+qcEsc w=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbERVXohuXfdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaF t2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/ UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYghiJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzh GmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dn DHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3Mta wiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1+jihs=</latexit><latexit sha1_base64="MFpuPQKOJp+cc64lh2eU+qcEsc w=">AAACZnichVHLSsNAFD2N7/qqiii4KZZK3ZQbERVXohuXfdgH1CJJHGswTUKSFrT4A4JbXbhSEBE/w40/4KJ/oLis4MaF t2lAVNQ7zMyZM/fcOTOj2obuekTNkNTV3dPb1z8QHhwaHhmNjI3nXavmaCKnWYblFFXFFYZuipyne4Yo2o5QqqohCurBRnu/ UBeOq1vmlndoi3JVqZj6nq4pHlPZxNL8TiRGSfIj+hPIAYghiJQVucE2dmFBQw1VCJjwGBtQ4HIrQQbBZq6MBnMOI93fFzh GmLU1zhKcoTB7wGOFV6WANXndrun6ao1PMbg7rIwiTo90Sy16oDt6pvdfazX8Gm0vhzyrHa2wd0ZPprNv/6qqPHvY/1T96dn DHlZ8rzp7t32mfQuto68fnbeyq5l4Y46u6IX9X1KT7vkGZv1Vu06LzAXC/AHy9+f+CfILSZmScnoxtrYefEU/ZjCLBL/3Mta wiRRyfG4FpzjDeehJGpEmpalOqhQKNBP4ElL0A1+jihs=</latexit>
(7)
<latexit sha1_base64="wuH8xEaMhgCMQ76SAL+HaZDAxw4=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+szBbSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AWGkihw=</latexit><latexit sha1_base64="wuH8xEaMhgCMQ76SAL+HaZDAxw4=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+szBbSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AWGkihw=</latexit><latexit sha1_base64="wuH8xEaMhgCMQ76SAL+HaZDAxw4=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+szBbSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AWGkihw=</latexit><latexit sha1_base64="wuH8xEaMhgCMQ76SAL+HaZDAxw4=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW mpgoqITddRIX98XuJqDBHxBstbBSEBE/w8YfsMgfKJYRbCy82SyIBvUOM3PmzD13zsyojqF7PlEjInV19/T29Q9EB4eGY/HEyGjRs6uuJgqabdjutqp4wtAtUfB13xDbjisUUzXElnq42trfqgnX021r0z9yxJ6pVCy9rGuKz1Q+szBbSqQoS0EkO4EcghTC WLcTt9jFPmxoqMKEgAWfsQEFHrcdyCA4zO2hzpzLSA/2BU4QZW2VswRnKMwe8ljh1U7IWrxu1fQCtcanGNxdViaRpie6oyY90j290MevtepBjZaXI57VtlY4pfjpZP79X5XJs4+DL9Wfnn2UsRh41dm7EzCtW2htfe34oplfyqXrM3RNr+z/ihr0wDewam/ azYbIXSLKHyD/fO5OUJzLypSVN+ZTyyvhV/RjCtPI8HsvYBlrWEeBz63gDOe4iDxLMWlcmminSpFQM4ZvISU/AWGkihw=</latexit>
(8)
<latexit sha1_base64="ZhHRhLO7PVSgCkAr4OTtlrPZHy8=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW iTEqqITddRKX7IvdTSAGf0Cw1cJKQUT8DBt/wMI/UCwVbCy82SyIBvUOM3PmzD13zsyojqF7PtFjROrq7unt6x+IDg4Nx+KJkdFNz665mihqtmG726riCUO3RNHXfUNsO65QTNUQW2p1tbW/VReup9vWht9wxJ6pVCy9rGuKz1QhszhbSqQoS0EkO4EcghTC yNmJa+xiHzY01GBCwILP2IACj9sOZBAc5vbQZM5lpAf7AkeIsrbGWYIzFGarPFZ4tROyFq9bNb1ArfEpBneXlUmk6YFu6JXu6Zae6ePXWs2gRstLg2e1rRVOKX48WXj/V2Xy7OPgS/WnZx9lLAZedfbuBEzrFlpbXz88ey0sraebM3RJL+z/gh7pjm9g1d+ 0q7xYP0eUP0D++dydYHMuK1NWzs+nllfCr+jHFKaR4fdewDLWkEORz63gBKc4izxJMWlcmminSpFQM4ZvISU/AWOlih0=</latexit><latexit sha1_base64="ZhHRhLO7PVSgCkAr4OTtlrPZHy8=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW iTEqqITddRKX7IvdTSAGf0Cw1cJKQUT8DBt/wMI/UCwVbCy82SyIBvUOM3PmzD13zsyojqF7PtFjROrq7unt6x+IDg4Nx+KJkdFNz665mihqtmG726riCUO3RNHXfUNsO65QTNUQW2p1tbW/VReup9vWht9wxJ6pVCy9rGuKz1QhszhbSqQoS0EkO4EcghTC yNmJa+xiHzY01GBCwILP2IACj9sOZBAc5vbQZM5lpAf7AkeIsrbGWYIzFGarPFZ4tROyFq9bNb1ArfEpBneXlUmk6YFu6JXu6Zae6ePXWs2gRstLg2e1rRVOKX48WXj/V2Xy7OPgS/WnZx9lLAZedfbuBEzrFlpbXz88ey0sraebM3RJL+z/gh7pjm9g1d+ 0q7xYP0eUP0D++dydYHMuK1NWzs+nllfCr+jHFKaR4fdewDLWkEORz63gBKc4izxJMWlcmminSpFQM4ZvISU/AWOlih0=</latexit><latexit sha1_base64="ZhHRhLO7PVSgCkAr4OTtlrPZHy8=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW iTEqqITddRKX7IvdTSAGf0Cw1cJKQUT8DBt/wMI/UCwVbCy82SyIBvUOM3PmzD13zsyojqF7PtFjROrq7unt6x+IDg4Nx+KJkdFNz665mihqtmG726riCUO3RNHXfUNsO65QTNUQW2p1tbW/VReup9vWht9wxJ6pVCy9rGuKz1QhszhbSqQoS0EkO4EcghTC yNmJa+xiHzY01GBCwILP2IACj9sOZBAc5vbQZM5lpAf7AkeIsrbGWYIzFGarPFZ4tROyFq9bNb1ArfEpBneXlUmk6YFu6JXu6Zae6ePXWs2gRstLg2e1rRVOKX48WXj/V2Xy7OPgS/WnZx9lLAZedfbuBEzrFlpbXz88ey0sraebM3RJL+z/gh7pjm9g1d+ 0q7xYP0eUP0D++dydYHMuK1NWzs+nllfCr+jHFKaR4fdewDLWkEORz63gBKc4izxJMWlcmminSpFQM4ZvISU/AWOlih0=</latexit><latexit sha1_base64="ZhHRhLO7PVSgCkAr4OTtlrPZHy8=">AAACZnichVG7SgNBFD1Z31GTqIiCTTBEYhPuiqBYiTaW iTEqqITddRKX7IvdTSAGf0Cw1cJKQUT8DBt/wMI/UCwVbCy82SyIBvUOM3PmzD13zsyojqF7PtFjROrq7unt6x+IDg4Nx+KJkdFNz665mihqtmG726riCUO3RNHXfUNsO65QTNUQW2p1tbW/VReup9vWht9wxJ6pVCy9rGuKz1QhszhbSqQoS0EkO4EcghTC yNmJa+xiHzY01GBCwILP2IACj9sOZBAc5vbQZM5lpAf7AkeIsrbGWYIzFGarPFZ4tROyFq9bNb1ArfEpBneXlUmk6YFu6JXu6Zae6ePXWs2gRstLg2e1rRVOKX48WXj/V2Xy7OPgS/WnZx9lLAZedfbuBEzrFlpbXz88ey0sraebM3RJL+z/gh7pjm9g1d+ 0q7xYP0eUP0D++dydYHMuK1NWzs+nllfCr+jHFKaR4fdewDLWkEORz63gBKc4izxJMWlcmminSpFQM4ZvISU/AWOlih0=</latexit>
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Figure 6: Nine accordiohedra for n = 8 case.
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We can easily obtain the canonical form for each accordiohedron. For example, the ratio
part of the canonical form of the (1) accordiohedron is
M (1) =
1
X13X48
+
1
X48X28
+
1
X28X37
+
1
X37X13
. (3.18)
To determine the weights, we choose the diagonals as {(13), (48)}, {(13), (58)}, {(13), (47)},
{(48), (83)}, {(83), (37)}, {(13), (16)}, {(13), (36)}, {(13), (37)}, {(13), (15)}. The constraints
are given as
2α1 + α8 + α9 = 1
2α2 + α3 + α6 = 1
α2 + 2α3 + α7 = 1
2α4 + α5 + α6 + α8 = 1
α4 + 2α5 + α7 + α9 = 1 (3.19)
α2 + α4 + 2α6 + α8 = 1
α3 + α5 + 2α7 + α9 = 1
α1 + α4 + α6 + 2α8 = 1
α1 + α5 + α7 + 2α9 = 1.
where α1, . . . , α9 are the weights for each accordiohedron respectively. From these constraints,
we can obtain the weights
α1 =
1
2
, α2 = a, α3 =
1
2
− a, α4 = a, α5 = 1
2
− a, α6 = 1
2
− a, α7 = a, α8 = 0, α9 = 0.
(3.20)
The weighted sum of the ratio parts of the canonical forms with these weights corresponds to
the n = 8 amplitude.
4 Recursion relation for φp amplitudes
In this section we review recursion relations for planar tree level amplitudes in scalar theories
with φp interaction where p ≥ 4 [3]. This is a direct generalisation of the derivation of
recursion relations for φ3 theories that was obtained in [5,14]. Further we claim in this paper
the recursions are valid for theories with polynomial interactions.
A d-dimensional polytope A in kinematic space is described by as many independent planar
kinematic variables XAi where i = 1, . . . , d. These form the basis variables in terms of which
the remaining planar kinematic variables are expressed. Let us now consider the following
rescaling of a subset of basis variables :
XAi → z XAi , i = 1, 2, . . . , k and k ≤ d (4.1)
Under this rescaling of basis variables, a subset of the dependent variables are also deformed.
We denote the deformed n-point amplitude as An(zX,C). Let us now consider the following
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integral : ∮
dz
zk
z − 1An(zX,C) (4.2)
By construction the original undeformed amplitude is given by the residue of the integrand at
z = 1. Cauchy’s residue theorem expresses the contour integral as the sum of residues from
the pole at infinity and finite poles :
An(X,C) = −
(
Res∞ +
∑
finite poles
Reszi
) (
zk
z − 1An(zX,C)
)
(4.3)
We will soon show that the integrand in (4.2) has no pole at z = 0 or z =∞.
A canonical convex realisation of the associahedron in the kinematic space for φ3 theories
was given in [1]. A rigorous derivation of the equations that give a convex realisations of
accordiohedra was obtained in [12] (see also [13]). In short, these equations take the form :
XBi = Bi +Xi +
k∑
j=1
λijXAj (4.4)
where XBi denote planar variables compatible with the basis variables, Bi and Xi denote
respectively suitable linear combinations of constants that appear in the convex realisation
(the detailed knowledge of which is not required in this work) and of the undeformed basis
variables {XAj}j=k+1,...,d respectively and λij are real constants.
The poles of the deformed amplitude An(zX,C) is given by solutions of equations XˆBi(z) =
0 where XˆBi(z) denotes the deformed XBi under the shift (4.1).
At physical poles, amplitude factorizes as :
limXˆBi→0 XˆBi(z)An(zX,C) = A
limit
Bi
(zBiX,C) (4.5)
AlimitBi is given by the product of lower point amplitudes. For example, in the case of tree
amplitudes (4.5) takes the form:
limXpq→0Xpq A1,2,...,n(X,C) = Ap,...,q−1,I × AI,q,...,p−1 (4.6)
with I, the internal particle going on-shell. The residue then reads,
ResXˆBi
zk
z − 1An(zX,C) =
zki
(
∑k
j=1 λijXAj)(zi − 1)
AlimitBi (zBiX,C) (4.7)
This leads to the recursion formula for n-point amplitude with a given quadragulation (or an
appropriate dissection in general)
An(X,C) =
∑
Bi
zki
XBi
AlimitBi (zBiX,C) (4.8)
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For the case of one variable rescaling XA → zXA, supposing XBi ∝ λiXA the above equation
takes the following simple form
An(X,C) =
∑
Bi
(
1
XBi
− 1
λiXA
)
AlimitBi (zBiX,C) (4.9)
Further for this case evaluating function An(z X,C) at each zi translates to doing the following
substitution in AlimitBi (zBiX,C) : Xp → Xp − 1λi XBi for each XBi ∝ λiXp.
4.1 Proof for no pole at z = 0
The canonical function of simple polytopes is given by, [16]
Ωp =
∑
v ∈ vertices
∏
facets f ∈ v
1
Xf
(4.10)
For a d dimensional simple polytope, there are exactly d facets adjacent to any vertex v. Thus,
the product
∏
1
Xf
is proportional to 1
Xd
. If we rescale k of the basis variables, among the d
Xij’s that appear in the product in (4.10) atmost k of them have a z dependence that leads
to a pole at z = 0. Non-basis variables do not give rise to a pole at z = 0. Thus the product
in (4.10) can at most give rise to an order k pole at z = 0 and that is precisely cancelled by
the zk factor in the integrand (4.2). This proves that the integrand in (4.2) has no pole at
z = 0.
4.2 Proof for no pole at infinity
To obtain the O( 1
zk
) contribution, we need k of the Xij in the denominator of (4.10) shifted
and (d − k) of them undeformed. If we denote the undeformed ones as X˜j, we have the
following contribution to the amplitude : ∑
vertices shared by (d−k) X˜j
1∏
kX
 1∏d−k
j=1 X˜j
(4.11)
The quantity in the bracket is the canonical function for the ABHY polytope when all the
X˜j → 0 and we denote it by Ak(X,C). Since all the X’s in Ak are shifted, as z → ∞ the
leading contribution is given by setting C → 0 :
limz→∞Ak(zX,C) ∼ 1
zk
Ak(X, 0) = 0 (4.12)
This fact (also known as Soft Limit) can be easily seen, as Ak(X, 0) is always given by product
of lower point functions which can be explicitly checked to be zero e.g. n = 6 quartic amplitude
with Q = (14) is given by A6 = (
1
X14
+ 1−X14+C ) which vanishes as C → 0. Geometrically it
implies that the size of the accordiohedron has shrunk to zero.
Thus we see that the integrand in (4.2) has no pole at infinity. This completes our deriva-
tion of the recursion relation.
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Note that although this derivation of recursion relation is identical to the one given in [3,5],
we have made use of the canonical convex realization (4.4) of accordiohedra in kinematic space.
This makes the derivation of the recursion relation independent of any geometric picture of
associahedron.
5 Explicit computations in φp theories
We will now see explicit examples where we show that the recursion relations (4.8) reproduce
the correct amplitude. The power of recursion relations in φp theories using specific embed-
dings of a few accordiohedra was studied in [3]. To further illustrate the power of the recursion
relations, we use them for a wide class of theories with mixed vertices. In our analysis we
make use of the canonical convex embedding of the relevant accordiohedron in the positive
region of the kinematic space [12,13].
5.1 n = 10 in φ4
We will start by discussing the n = 10 case in φ4 theory. It has been shown that there are
four families of three-dimensional Stokes polytopes based on the reference quadrangulation
of a decagon with cyclically ordered vertices [8]. These are the cube type, the snake type,
the Lucas type and the mixed type. While the cube type and the snake type are the three
dimensional generalisation of the square and the pentagon which appear in the n = 8 case,
the mixed type and Lucas type are new polytopes that appear in n = 10.
In the following we will consider the recursion relations for each of these cases when two
of the three basis variables are rescaled. While interesting in its own right, it will also serve
us with enough data to obtain a better understanding of projective triangulations which we
will come to in Section 6.
5.1.1 Cube
The cube type Stokes polytope arises from the reference quadrangulation Q = {14, (5, 10), 69}
of a decagon with cylically ordered vertices from 1 to 10. The Q-compatible diagonals are
{49, 58, (3, 10)}. The embedding of the polytope in the positive kinematic space is given by
the following constraints between the planar variables :
X49 = −X5,10 + 49
X58 = −X69 + 58
X3,10 = −X14 + 3,10 (5.1)
We will now consider the scaling of two of the three basis variables. We choose them to be
X14 and X5,10 :
X14 → z X14, X5,10 → z X5,10 . (5.2)
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From (5.1), we see that under this scaling two of the dependent variables namely X3,10 and
X49 are deformed. The recursion formula (4.8) then takes the form :
M
{14,(5,10),69}
10 =
zˆ23,10
X3,10
(
1
zˆ3,10X5,10 X69
+
1
zˆ3,10X5,10 X58
+
1
X̂49,(3,10) X69
+
1
X̂49,(3,10) X58
)
+
zˆ249
X49
(
1
zˆ49X14 X69
+
1
zˆ49X14 X58
+
1
X̂(3,10),49 X69
+
1
X̂(3,10),49 X58
)
(5.3)
where
zˆ3,10 =− 3,10
X14
, zˆ49 =
49
X5,10
,
X̂49,(3,10) = 49 − zˆ3,10X5,10 (5.4)
One can now easily check that M
{14,(5,10),69}
10 matches the expected result for the partial am-
plitude corresponding to the reference quadrangulation Q = {14, (5, 10), 69} [8].
5.1.2 Snake
The snake type Stokes polytope corresponds to the reference quadrangulation Q = {14, 16, 18}
of the decagon. The Q-compatible diagonals are {36, 58, (7, 10), 38, (5, 10), (3, 10)}. The em-
bedding of the polytope in the positive kinematic space is given by the constraints :
X36 = 36 −X14 +X16
X58 = 58 −X16 +X18
X7,10 = 7,10 −X18
X38 = 38 −X14 +X18
X5,10 = 5,10 −X16
X3,10 = 3,10 −X14 (5.5)
Let us now consider the scaling of two basis variables, say X14 and X16 :
X14 → z X14, X16 → z X16 . (5.6)
From (5.5) we see that under this scaling, the dependent planar variables X36, X58, X38, X5,10
and X3,10 are deformed. The recursion formula (4.8) takes the form :
M
{14,16,18}
10 =
zˆ236
X36
(
1
zˆ36X16 X18
+
1
zˆ36X16 X7,10
+
1
X̂38,36 X18
+
1
X̂(3,10),36 X7,10
+
1
X̂38,36 X̂(3,10),36
)
+
zˆ258
X58
(
1
zˆ58X14 X18
+
1
zˆ58X14 X̂(5,10),58
+
1
X̂38,58 X18
+
1
X̂(3,10),58 X̂(5,10),58
+
1
X̂38,58 X̂(3,10),58
)
+
zˆ238
X38
(
1
X̂36,38 X18
+
1
X̂58,38 X18
+
1
X̂36,38 X̂(3,10),38
+
1
X̂58,38 X̂(3,10),38
)
+
zˆ25,10
X5,10
(
1
zˆ5,10X14 X̂58,(5,10)
+
1
zˆ5,10X14 X7,10
+
1
X̂(3,10),(5,10) X̂58,(5,10)
+
1
X̂(3,10),(5,10) X7,10
)
+
zˆ23,10
X3,10
(
1
X̂36,(3,10) X7,10
+
1
X̂36,(3,10) X̂38,(3,10)
+
1
X̂58,3,10 X̂(5,10),(3,10)
+
1
X̂38,(3,10) X̂58,(3,10)
+
1
X̂(5,10),(3,10) X7,10
)
(5.7)
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where
zˆ36 =
36
X14 −X16 , zˆ58 =
58 +X18
X16
, zˆ38 =
38 +X18
X14
, zˆ5,10 =
5,10
X16
, zˆ3,10 =
3,10
X14
(5.8)
and X̂ij,kl stands for the dependent variable Xij deformed by zˆkl. It is straightforward to
check that M
{14,16,18}
10 matches the expected result for the partial amplitude corresponding to
reference quadrangulation Q = {14, 16, 18} [8].
5.1.3 Lucas type
The Lucas type Stokes polytope corresponds to the reference quadrangulationQ = {14, 47, (7, 10)}
of the decagon. The Q-compatible diagonals are {16, (3, 10), 36, 49, 69}. The embedding of
the Lucas type polytope in the positive region of kinematic space is given by the constraints :
X36 = −X47 + 36
X69 = −X7,10 + 69
X3,10 = −X14 + 3,10
X16 = X14 −X47 + 16
X49 = X47 −X7,10 + 49 . (5.9)
Consider the scaling of the basis variables X14 and X47 :
X14 → z X14, X47 → z X47 . (5.10)
Under this scaling, we see from (5.9) that the dependent variables X16, X3,10, X36 and X49 are
deformed. The recursion formula (4.8) takes the form :
M
{14,47,(7,10)}
10 =
zˆ216
X16
(
1
zˆ16X14 X7,10
+
1
X̂36,16 X7,10
+
1
zˆ16X14 X̂69,16
+
1
X̂36,16 X̂69,16
)
+
zˆ23,10
X3,10
(
1
zˆ3,10X47 X7,10
+
1
X̂49,(3,10) zˆ3,10X47
+
1
X̂36,(3,10) X7,10
+
1
X̂49,(3,10) X̂69,(3,10)
+
1
X̂36,(3,10)X̂69,(3,10)
)
+
zˆ236
X36
(
1
X̂(3,10),36 X7,10
+
1
X̂16,36 X7,10
+
1
X̂(3,10),36 X̂69,36
+
1
X̂16,36 X̂69,36
)
+
zˆ249
X49
(
1
zˆ49X14 zˆ49X47
+
1
X̂(3,10),49 zˆ49X47
+
1
zˆ49X14 X̂69,49
+
1
X̂(3,10),49 X̂69,49
)
(5.11)
where
zˆ16 = − 16
X14 −X47 , zˆ3,10 =
3,10
X14
, zˆ36 =
36
X47
, zˆ49 =
−49 +X7,10
X47
(5.12)
and X̂ij,kl stands for the dependent variable Xij deformed by zˆkl. It can be easily checked
that this matches the expected result for the partial amplitude corresponding to the reference
quadrangulation Q = {14, 47, (7, 10)} [8].
5.1.4 Mixed type
The mixed type Stokes polytope corresponds to the reference quadrangulationQ = {(14), (5, 10), (7, 10)}
of the decagon. The Q-compatible diagonals are {49, 69, (3, 10), 47}. The embedding of the
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polytope in the positive kinematic space is given by the following constraints :
X49 = −X5,10 + 49
X69 = −X7,10 + 69
X3,10 = −X14 + 3,10
X47 = X7,10 −X5,10 + 47 . (5.13)
Let us scale two basis variables X14 and X5,10 :
X14 → z X14, X5,10 → z X5,10 . (5.14)
Under this scaling, we see from (5.13) that the dependent variables X47, X3,10, X49 and X49
are deformed. The recursion formula then (4.8) takes the form :
M
{14,5,10,7,10}
10 =
zˆ23,10
X3,10
(
1
zˆ3,10X5,10 X7,10
+
1
X̂47,(3,10) X7,10
+
1
zˆ3,10X5,10 X̂69,(3,10)
+
1
X̂49,(3,10) X̂69,(3,10)
+
1
X̂47,(3,10) X̂49,(3,10)
)
+
zˆ247
X47
(
1
zˆ47X14 X7,10
+
1
X̂3,10,47 X7,10
+
1
zˆ47X14 X̂49,47
+
1
X̂3,10,47 X̂49,47
)
+
zˆ249
X49
(
1
zˆ49X14 X̂47,49
+
1
ẑ49X14 X̂69,49
+
1
X̂(3,10),49 X̂69,49
+
1
X̂(3,10),49 X̂47,49
)
(5.15)
where
zˆ3,10 = −3,10
X14
, zˆ47 =
47 +X7,10
X5,10
, zˆ49 =
49
X5,10
(5.16)
and X̂ij,kl stands for the dependent variable Xij deformed by zˆkl. This matches the re-
sult obtained for the partial amplitude corresponding to the reference quadrangulation Q =
{14, (5, 10), (7, 10)} in [8].
5.2 Mixed vertices
In this section, we illustrate the validity of the recursion relation (4.8) when we have a theory
with mixed vertices. The positive geometry associated to these theories have been studied
in [2]. As in the case of the Stokes polytopes in the φ4 theory we will make use of the canonical
convex embedding of the relevant accordiohedron in each case [12,13].
n = 6 in φ3 + φ4 interaction
In this case there are four accordiohedra as shown in Figure 3. We consider the first case with
reference dissection D = {13, 14} and the corresponding accordiohedron AC61 is a pentagon.
The compatible diagonals are {36, 26, 24}. The embedding of the polytope in the positive
kinematic space is given by the constraints :
X36 = −X14 + 36
X26 = −X13 + 26
X24 = X14 −X13 + 24 (5.17)
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We consider the scaling of a single basis variable :
X13 → z X13 (5.18)
Under this scaling the set of deformed variables from (5.17) is {X24, X26}. The recursion
formula for single variable scaling (4.9) then takes the form:
M
(13,14)
6 =
(
1
X24
+
1
X13
)(
1
X14
+
1
X26 −X24
)
+
(
1
X26
+
1
X13
)(
1
X24 −X26 +
1
X36
)
(5.19)
This matches the expected partial amplitude corresponding to the reference dissection D =
{13, 14} :
1
X24X14
+
1
X13X14
+
1
X24X26
+
1
X26X36
+
1
X13X36
(5.20)
It is easy to show that for other three accordiohedra in this case, the recursion relation
reproduces the correct partial amplitude.
n = 7 in φ3 + φ4 interaction
In this case there are 13 accordiohedra. We consider the first case with reference dissection
D = {14, 16, 46}. The diagonals compatible with this dissection are {15, 35, 36, 37, 47, 57}.
The embedding of the polytope in the positive kinematic space is given by the constraints :
X15 = X14 −X46 + 15
X35 = −X46 + 35
X36 = X16 −X14 + 36
X37 = −X14 + 37
X47 = X46 −X16 + 47
X57 = −X16 + 57 (5.21)
Let us now consider the scaling of two of the three basis variables :
X14 → z X14, X16 → z X16 (5.22)
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The set of deformed variables under this scaling from (5.21) is {X57, X15, X36, X37, X47}. The
recursion formula (4.8) takes the form :
A
(14,16,46)
7 =
zˆ257
X57
(
1
zˆ57X14 X̂47,57
+
1
X̂37,57 X̂47,57
+
1
zˆ57X14 X̂15,57
+
1
X̂15,57 X35
+
1
X35 X̂37,57
)
+
zˆ215
X15
(
1
zˆ15X14 zˆ15X16
+
1
zˆ15X14 Xˆ57,15
+
1
zˆ15X16 X35
+
1
X̂57,15 X35
)
+
zˆ236
X36
(
1
zˆ36X16 X46
+
1
zˆ36X16 X35
+
1
X̂37,36 X46
+
1
X̂37,36 X35
)
+
zˆ237
X37
(
1
X̂36,37 X46
+
1
X̂47,37 X46
+
1
X̂36,37 X35
+
1
X̂47,37 X57,37
+
1
X35X̂57,37
)
+
zˆ247
X47
(
1
zˆ47X14 X46
+
1
X̂37,47 X46
+
1
zˆ47X14 X̂57,47
+
1
X̂37,47 X̂57,47
)
(5.23)
where
zˆ57 =
57
X16
, zˆ15 =
X46 − 15
X14
, zˆ36 =
36
X14 −X16 , zˆ37 =
37
X14
, zˆ47 =
47 +X46
X16
(5.24)
and Xˆij,kl as before stands for the dependent variable Xij deformed by zˆkl. It can be easily
checked that this matches the expected result for the partial amplitude corresponding to the
principle dissection D = {14, 16, 46} :(
1
X14X16X46
+
1
X36X16X46
+
1
X14X47X46
+
1
X36X16X35
+
1
X36X37X46
+
1
X37X47X46
+
1
X14X47X57
+
1
X36X37X35
+
1
X37X47X57
+
1
X14X15X16
+
1
X14X15X57
+
1
X15X16X35
+
1
X15X35X57
+
1
X35X37X57
)
(5.25)
6 Projective triangulations
In this section we study the projective triangulation of accordiohedra and relate it to the
explicit results for scattering amplitudes obtained from recursion relations in Section 5. In
the context of φ3 theories the projective triangulation of associahedra was studied in [4, 5].
Projective triangulation of a polytope is obtained by projecting a co-dimension 1 facet
onto a non-neighbouring co-dimension k facet. For convenience we will stick to three dimen-
sional accordiohedra, although our analysis holds for accordiohedra of all dimensions. In the
projective triangulation of three dimensional accordiohedra we project a face onto a reference
edge labelled by two planar variables say Xab and Xcd. When we project a face (given by
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Xij = 0) whose edges are all either parallel or perpendicular to the reference edge, it gives rise
to a prism with Xij as one of its faces. When the projected face is a quadrilateral this gives
rise to triangular prisms. In all our examples, the projected face is a quadrilateral. However
our analysis can be generalised to other polygonal faces as well. One may note that the spu-
rious poles that appears in the recursion terms correspond to spurious boundaries within the
accordiohedron formed upon triangulation.
Faces with one or more edges not parallel or perpendicular to the reference edge, when
projected onto the reference edge give rise to positive geometries with curvy surfaces. In
what follows we will relate the volume of triangular prisms thus obtained to the results of
scattering amplitudes obtained by recursion relations in Section 5. For example, the number
of non-adjacent faces to the reference edge in the accordiohedron will be the number of terms
in the expression for the amplitude obtained via recursion.
The simple poles in the recursion term label the faces of the prism. For the explicit
examples that we study in this paper it is a general feature that two of the poles in the
corresponding partial amplitude are of the form Xkl and (constant−Xkl) where Xkl is one of
the planar variables. These form the two parallel triangular faces of the prism.
The prism is triangulated the following way. Take any vertex of the reference edge as the
origin, say Z?. Connect it to any one of the vertices of the face (Xij = 0). Let us denote this
vertex by Zijm. Next we perform a full triangulation of the Xij face by connecting Z
ij
m to its
diagonally opposite vertex in Xij, say Z
ij
n , which results in two triangles. The vertices of each
triangle together with the origin Z? form the four vertices of a simplex. The two simplices
form the usual triangulation of the Xij face onto the reference vertex Z?. The remaining
volume of the prism also forms a simplex. Thus the entire prism is triangulated via these
three simplices and the total canonical function is obtained by adding the canonical functions
of these simplices.
A novel feature that appears when we scale 1 ≤ k ≤ d planar variables (where d is the di-
mension of the accordiohedron) is that some of the terms in the recursion can have poles that
are quadratic in the planar variables. These correspond to curvy surfaces inside the accordio-
hedron [5]. This implies that the projection of the relevant facet Xij onto the reference edge
leads to a curvy triangulation of the polytope. The curvy nature of the triangulation reflects
the fact that some of the edges of the specific facet are neither parallel nor perpendicular to
the reference edge.
We end this section by giving the formula for the canonical function of a simplex whose
vertices are labelled Z0, Z1, . . . , Zm :
[Z0, Z1, . . . , Zm] =
〈Z0 Z1 . . . Zm〉m∏n
i=0 〈Y Z0 . . . Z ′i . . . Zm〉
, (6.1)
where angular bracket denotes determinant of the matrix formed by rows given by Zi , prime
denotes omission of the corresponding vertex, and Y = (1,X) where X denotes the planar
variables labelling the origin.
6.1 Quartic interaction
We will now relate the results obtained via recursion relations in Section 5.1 for the partial
amplitudes of the four Stokes polytopes in the n = 10 case to projective triangulation of the
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polytopes. Although recursion relations for the φ4 amplitudes were studied in [3] for the n = 8
case, projective triangulation were not studied in that paper. We fill this gap here.
Cube
Here we look at the case where the Stokes polytope is a cube. This corresponds to the case
when the reference quadrangulation of the decagon is Q = {14, (5, 10), 69}. The equations
that give the embedding of the accordiohedron in the kinematic space are given in (5.1). We
consider the scaling of X14 and X5,10. We saw in Section 5.1.1 that the partial amplitude
from the recurrence relation has two terms and that their sum reproduces the correct partial
amplitude.
Let us now look at the second term in the expression for the partial amplitude (5.3). It
takes the form :
M49 =
3,10 4958
X14(49 −X5,10) B X58 X69 (6.2)
where B := 3,10X5,10 − 49X14 is the spurious pole that appears in this term. Note that all
the poles are linear in the planar variables. We will now identify this term as the canonical
function of the prism obtained by projecting the X49 facet onto the X14X5,10 line. Following
the discussion at the beginning of this section we identify the prism to be as in Figure 7.
Z1
Z2
Z∗
Z5
Z3
Z4
X14, X510
X14
X49
X69
B = (310X510 − 49X14)
X58
Figure 7: Prism formed by projecting X49 facet onto X14X5,10 edge
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The vertices of the prism are given by :
Z∗ ∼ {X14, X5,10, X58} = (1, 0, 0, 0)
Z1 ∼ {X14, X5,10, X69} = (1, 0, 0, 58)
Z2 ∼ {X14, X69, X49} = (1, 0, 49, 58)
Z3 ∼ {X49, X69, B} = (1, 3,10, 49, 58)
Z4 ∼ {X49, X58, B} = (1, 3,10, 49, 0)
Z5 ∼ {X14, X49, X58} = (1, 0, 49, 0) (6.3)
The canonical function of the prism is formed by adding the canonical function of the three
simplices with vertices {Z∗Z1Z2Z3}, {Z∗Z2Z5Z4} and {Z∗Z2Z4Z3} :
Ω49 = [Z∗Z1Z2Z3] + [Z∗Z2Z5Z4] + [Z∗Z2Z4Z3] (6.4)
Using (6.1) one can easily compute the above and see that the result matches the second term
in the partial amplitude obtained in (5.3), namely M49 as given in (6.2). In a similar fashion,
the first term in the (5.3) can be seen to correspond to the projective triangulation of the
X3,10 facet onto X14X5,10 edge.
Snake
Let us now look at the snake case where the reference quadrangulation is Q = {14, 16, 18}.
The equations that give the embedding of this accordiohedron in the kinematic space are given
in (5.5). There are a total of five terms in the partial amplitude obtained by recursion and
their sum reproduces the correct result as shown in Section 5.1.2.
Let us now look at the fourth term in the recursion (5.7):
M5,10 =
3,10 5,10(5,10 − 58 − 7,10)
X14 X5,10 A B X710
(6.5)
where A := 5,10 − 58 − X18, B := −5,10X14 + 3,10X16 are the two spurious poles. All the
poles are linear in the planar variables. The prism whose canonical function matches this term
is obtained by projecting the X5,10 face onto the X14X16 edge as given in Figure 8 :
The vertices of this prism are given by :
Z∗ ∼ {X14, X16, A} = (1, 0, 0, 0)
Z1 ∼ {X14, X16, X7,10} = (1, 0, 0, 5,10 − 58 − 7,10)
Z2 ∼ {X14, X7,10, X5,10} = (1, 0, 5,10, 5,10 − 58 − 7,10)
Z3 ∼ {B,X7,10, X5,10} = (1, 3,10, 5,10, 5,10 − 58 − 7,10)
Z4 ∼ {A,B,X5,10} = (1, 3,10, 5,10, 0)
Z5 ∼ {X14, A,X5,10} = (1, 0, 5,10, 0)
The canonical function of the prism is the sum of functions of three simplices :
Ω5,10 = [Z∗Z1Z2Z3] + [Z∗Z2Z5Z4] + [Z∗Z2Z4Z3] (6.6)
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Z1
Z2
Z∗
Z5
Z3
Z4
X14, X16
X14
X510
X710
B = −510X14 + 310X16
A = 510 − 58 −X18
Figure 8: Prism formed by projecting X5,10 facet onto X14X16 edge.
One can easily check that with Y = (1, X14, X16, A), the canonical function Ω5,10 matches the
term in the partial amplitude M5,10 in (6.5).
Let us now look at another term in the recursion (5.7) given by :
M3,10 =
C3,10
D3,10
(6.7)
where
D3,10 = (−36X14 + 3,10(X14 −X16))(5,10X14 − 3,10X16)(3,10 − 38 −X18)
(58X14 − 3,10X16 +X14X18)X3,10X7,10
and C3,10 is combination of the constants i’s.
The pole (58X14− 3,10X16 +X14X18) is quadratic in the planar variables and corresponds
to a curvy surface within the polytope. The other four terms in the recursion also correspond
to “Curvy Triangulation” due to the quadratic nature of the poles.
Lucas
We will now look at the Lucas case where the reference quadrangulation is Q = {14, 47, 7, 10}.
The equations that give the embedding of the accordiohedron in the kinematic space are given
in (5.9). We consider the scaling of X14 and X47. There are four terms in the corresponding
recursion and their sum reproduces the correct partial amplitude as shown in Section 5.1.3.
Let us look specifically at the first term in this recursion (5.11) :
M16 =
16(16 − 36)69
X14 X16 B X69 X7,10
(6.8)
where B := 36(X14 −X47) + 16X47 is the spurious pole that appear in this term. Note that
all the poles in this term are linear in X. This term matches the canonical function of the
prism obtained by projecting the X16 facet onto the X14X47 edge as in Figure 9
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Z1
Z2
Z∗
Z5
Z3
Z4
X14, X47
X14
X16
X710
B = 36(X14 −X47) + 16X47
X69
Figure 9: Prism formed by projecting X16 facet onto X14X47 edge.
Let us now list the vertices of the prism :
Z∗ ∼ {X14, X47, X69} = (1, 0, 0, 0)
Z1 ∼ {X14, X47, X7,10} = (1, 0, 0, 69)
Z2 ∼ {X14, X16, X7,10} = (1, 0, 16, 69)
Z3 ∼ {X16, X7,10, B} = (1, 36 − 16, 36, 69)
Z4 ∼ {X16, X69, B} = (1, 36 − 16, 36, 0)
Z5 ∼ {X14, X16, X69} = (1, 0, 16, 0)
This prism is formed by adding up three simplices :
Ω16 = [Z∗Z1Z2Z3] + [Z∗Z2Z5Z4] + [Z∗Z2Z4Z3] (6.9)
It can be easily checked that with Y = (1, X14, X47, X69), the canonical function Ω16 matches
M16 in (6.8).
Now lets look into the fourth term in the recursion (5.7),
M49 =
3,10(69 − 49)
X14 X49 X69(49X14 + 3,10X47 −X14X7,10) (6.10)
Note that the pole (49X14 + 3,10X47−X14X7,10) is quadratic in the planar variables and cor-
responds to a curvy surface within polytope. This corresponds to the projective triangulation
of the X49 facet onto the X14X47 line.
Mixed type
Here we look into the cube case where the reference quadrangulation is Q = {14, 5, 10, 69}.
The equations that give the embedding of the accordiohedron in the kinematic space are given
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in (5.13). We consider the scaling of X14 and X5,10. There are three terms in the corresponding
recursion and their sum reproduces the correct partial amplitude as shown in Section 5.1.4.
Let us now look at the third term in the recursion (5.15):
M49 =
3,10 49(47 − 49 + 69)
X14 X49 A B X69
(6.11)
where A := −47 + 49−X7,10, B := 49X14− 3,10X5,10 are the two spurious poles that appear
in this term. Note that all the poles are linear in X. This term matches the canonical function
of the prism in Figure 10 obtained by projecting the face X49 onto the X14X5,10 edge. Let us
now list down the vertices of this prism :
Z∗ ∼ {X14, X5,10, A} = (1, 0, 0, 0)
Z1 ∼ {X14, X5,10, X69} = (1, 0, 0,−47 + 49 − 69)
Z2 ∼ {X14, X69, X49} = (1, 0, 49,−47 + 49 − 69)
Z3 ∼ {X49, X69, B} = (1, 3,10, 49,−47 + 49 − 69)
Z4 ∼ {X49, A,B} = (1, 3,10, 49, 0)
Z5 ∼ {X14, X49, A} = (1, 0, 49, 0)
Z1
Z2
Z∗
Z5
Z3
Z4
X14, X510
X14
X49
X69
B = 49X14 − 310X510
A = −47 + 49 −X710
Figure 10: Prism formed by projecting X49 facet onto X14X5,10 edge.
The canonical function of the prism is given by the sum of the functions of three simplices
:
Ω49 = [Z∗Z1Z2Z3] + [Z∗Z2Z5Z4] + [Z∗Z2Z4Z3] (6.12)
It can be easily checked that with Y = (1, X14, X5,10, A), the canonical function Ω49 matches
M49 (6.11). Now let us look at the second term in the recursion (5.15),
M47 =
3,10(49 − 47)(47 +X7,10)
(X14 X47 X7,10)(47 − 49 +X7,10)(47X14 − 3,10X5,10 +X14X7,10) (6.13)
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The pole (47X14 − 3,10X5,10 + X14X7,10) is quadratic in planar variables and corresponds to
a curvy surface within polytope. This corresponds to projective triangulation of the X47 face
onto the X14X5,10 line.
6.2 Polynomial interactions
We will now consider theories with mixed vertices (or polynomial interactions) and show that
the same type of projective triangulation that we discussed above appears where each term
in the recursion corresponds to a specific projective triangulation of the accordiohedron.
n = 7 in φ3 + φ4 theory
Here we look into the case where the reference quadrangulation is Q = {14, 16, 46} discussed
in Section 5.2. The equations that give the embedding of the accordiohedron in the kinematic
space are given in (5.21). We consider the scaling of X14 and X16. There are a total of five
terms in the corresponding recursion and their sum correctly reproduces the correct amplitude.
Let us now look at the third term in the recursion (5.23) :
A36 =
35 36(36 − 37)
X16 X36 A X35 X46
(6.14)
where B := 36X14 + 37(−X14 + X16) is the spurious pole that appears in this term. All the
poles are linear in the planar variables. The prism in Fig 11 whose canonical function matches
this term is obtained by projecting the X36 facet onto the X14X16 line.
Z1
Z2
Z∗
Z5
Z3
Z4
X14, X16
X16
X36
X35
B = 36X14 + 37(X16 −X14)
X46
Figure 11: Prism formed by projecting X36 facet onto X14X16 edge.
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To see this we will now list down the vertices of the prism :
Z∗ ∼ {X14, X16, X46} = (1, 0, 0, 0)
Z1 ∼ {X14, X16, X35} = (1, 0, 0, 35)
Z2 ∼ {X16, X35, X36} = (1, 36, 0, 35)
Z3 ∼ {X36, X35, B} = (1, 37, 37 − 36, 35)
Z4 ∼ {X36, X46, B} = (1, 37, 37 − 36, 0)
Z5 ∼ {X16, X36, X46} = (1, 36, 0, 0)
The canonical function of the prism is given by the following sum :
Ω36 = [Z∗Z1Z2Z3] + [Z∗Z2Z5Z4] + [Z∗Z2Z4Z3] (6.15)
It can be easily checked that with Y = (1, X14, X16, X46), the canonical function Ω36 matches
with amplitude A36. Let us now look at the second term in the recursion (5.23):
A15 =
(35 − 15)57
X16 A X15 X35
(6.16)
where A := 57X14 + X16(15 − X46) is the spurious pole that appear in this term. This
term has a pole in X16X46 variable and corresponds to a curvy surface within the polytope. It
corresponds to a projective triangulation of the X15 fact onto the X14X16 edge. The other three
terms in the recursion similarly correspond to the curvy triangulation of the accordiohedron.
7 Conclusion
In this paper, we investigated some aspects of the positive geometry of theories with poly-
nomial interaction. In these theories, the planar amplitude is obtained from a weighted sum
of all the canonical forms related to various accordiohedra. We have shown that, as in the
case of φp interactions, all the weights can be determined using the factorization property of
accordiohedra. Thus the full tree-level planar amplitude of these theories can be determined
purely from the corresponding positive geometry.
In theories with polynomial interaction, there is an ambiguity for weights related to the
same accordiohedron : for example, in the case of φ3 + φ4 theory with n = 6 particles, the
accordiohedra obtained from dissections 1 and 2 are equivalent under cyclic permutation. In
such cases we cannot fix their weights uniquely. This ambiguity appears only in the case of
polynomial interactions. In φp theories different dissections give rise to different accordiohedra.
It will be interesting to explore the implication of these facts in field theory.
We derived recursion relations for the partial amplitudes in these theories following the
derivation for cubic theories in [3, 5]. In our derivation we made use of the canonical convex
embedding of accordiohedra in kinematic space. We emphasise that the derivation is very
general in nature and is applicable to any scalar field theory whose positive geometry is a
simple polytope and which has a linear relation as in (4.4) among the kinematic variables. In
particular we expect them to hold true for loop amplitudes too if the corresponding positive
geometry is a simple polytope and the planar variables satisfy similar linear relationships as
in (4.4). We leave this for future investigations.
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We showed that the results from the recursion relate to projective triangulations of accor-
diohedra. A novel feature that appears when we rescale 1 < k < d planar variables (where
d is the dimension of the accordiohedron) is that some of the terms in the recursion have
poles that are quadratic in the planar variables. This leads to a “curvy triangulation” of the
accordiohedron. It will be interesting to investigate the application of such triangulations and
recursion relations to the N = 4 sYM and the amplituhedron.
Though we have not discussed the triangulation corresponding to the recursion relation
obtained via. the rescaling of all basis variables, it can be checked that the terms in the
resulting recursion will correspond to the projection of non-neighbouring co-dimension one
facets onto the reference vertex. Further we can see that interesting geometries appear from
triangulations that correspond to recursion relations obtained by a single variable rescaling.
Here one projects a non-neighbouring co-dimension one facet onto the reference co-dimension
one facet labeled by the scaled basis variable. Recursion relations in this case have only simple
poles and hence will correspond to flat surfaces inside the accordiohedron unlike curvy surfaces
which are very special to the case of scaling 1 < k < d basis variables.
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A An Example: n = 8 case in φ3 + φ4 + φ5 interaction
In this appendix we will consider another example of polynomial interaction namely n = 8
amplitude with φ3 +φ4 +φ5 vertices to illustrate the validity of the recursion relation (4.8) and
the triangulations that follow from it. In this case there are nine accordiohedra as shown in
Figure 6). We consider the first case with reference dissection {13, 48} and the corresponding
accordiohedron is given by a square. The compatible diagonals are {28, 37}.The embedding
of the polytope in the positive kinematic space is given by the following relations between the
corresponding planar variables :
X28 = −X13 + 28
X37 = −X48 + 48 (A.1)
Consider first the single variable scaling X13 → zX13. The corresponding recursion relation
gives the simple answer
A =
(
1
X13
+
1
X28
)(
1
X48
+
1
X37
)
(A.2)
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It can be easily checked that this matches the expected result:
A˜
(13,48)
8 =
1
X13X48
+
1
X48X28
+
1
X28X37
+
1
X37X13
. (A.3)
The recursion term (A.2) corresponds to a complete triangulation of the accordiahedron
obtained by projecting the X28 edge onto the X13 edge. Consistent with the fact (A.2) is the
canonical function of this square accordiahedron [16].
Next we consider a more non-trivial case of all basis variable scaling,
X13 → zX13, X48 → zX48 (A.4)
The set of deformed variables is {X28, X37}. The recursion formula (4.8) takes the form:
A
(13,48)
8 =
zˆ228
X28
(
1
zˆ28X48
+
1
−zˆ28X48 + 37
)
+
zˆ237
X37
(
1
−zˆ37X13 + 28 +
1
zˆ37X13
)
(A.5)
where
zˆ28 =
28
X13
, zˆ37 =
37
X48
(A.6)
By a straightforward computation it can be checked that this matches the expected result
A˜
(13,48)
8 (A.3). The two terms in the recursion (A.5) correspond to the canonical functions of
two triangles obtained by projecting the X28 and X37 edges onto the X13X48 vertex respec-
tively, thus providing another complete triangulation of the accordiahedron.
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